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A s imple  model  of longitudinal  s h e a r  with a p l a s t i c  zone at the t ip of the c r a c k  is cons ide red  
in the pape r .  The p l a s t i c i t y  zone is  a s sumed  to be nar row,  and ful f i l lment  of the Mises  con- 
di t ion is s t ipula ted  on i ts  boundary.  The c r a c k  moves with a constant  veloci ty  without change 
in the length. 

When a c r a c k  p ropaga tes  in a p r e l i m i n a r i l y  deformed e l a s t i c  body, a pa r t  of the e l a s t i c  energy  of the 
body is  i r r e v e r s i b l y  conver ted into heat energy  produced in a p l a s t i c i t y  zone at the c r a c k  tip and, poss ib ly ,  
goes into some other  energy  l o s s e s  that accompany f r ac tu r e .  If the f r ac tu re  takes  place in a qua s i - b r i t t l e  
manner ,  i .e . ,  m a t e r i a l  eve rywhere  except  in a smal l  region of the t ip of the c r a c k  behaves  e l a s t i ca l ly ,  then 
we can imagine  that  the c r a c k  tip is  a kind of source  of e l a s t i c  energy  whose intensi ty  is  de te rmined  by the 
ve loc i ty  of the c r ack  and the s ingu la r i ty  coeff ic ients  of the s t r e s s  field,  according  to the known law [1, 2] 
for  an e l a s t i c  body with a moving cut.  

According  to th is  law the amount of energy  p e r  unit a r e a  of the c rack ,  emerg ing  i r r e v e r s i b l y  f rom 
the e l a s t i c  body into the vicini ty  of the c r a c k  tip,  is  i nc r ea sed  with an i n c r e a s e  in the veloci ty  of the c r a c k  
and the s ingu la r i ty  coeff ic ients  of the s t r e s s  f ield.  

Exper imen t s  with photoe las t ic  m a t e r i a l s  [3, 4] showed that  if, for  example ,  we subject  a r ec t angu la r  
plate ,  containing some in i t ia l  c rack ,  to tens ion  with an inc reas ing  force ,  then at a c e r t a i n  c r i t i c a l  s t r e s s  
the c r a c k  begins  to move with inc reas ing  veloci ty  and t e a r s  through the en t i re  t e s tp i ece .  Here the singu= 
l a r i t y  coeff icient  of s t r e s s e s  turns  out to be a function which monotonical ly  grows with the length of the 
c r ack .  

F r o m  what has been said  it fol lows that  the amount of energy p e r  unit a r ea  of the c r a c k  a lso  grows 
monotonical ly;  here  the specif ic  energy  expendi ture  can inc rease  2-3 t i m e s .  A model  with a constant  s u r -  
face ene rgy  is not s a t i s f ac to ry  here .  In the given inves t igat ion we cons ide r  a s imple  model  of longitudinal  
shea r  with a p l a s t i c  zone at the t ip of a c r a c k  which moves with a s teady s ta te .  The p l a s t i c i t y  zone is a s -  
sumed to be nar row;  fulf i l lment  of the Mises  condit ion is s t ipula ted on i ts  boundary.  The formula t ion  and 
solut ion of such a p rob lem in a s ta t ic  case  is given in [5]. The c r a c k  moves  a lso  as a s sumed  in [6], with a 
constant  veloci ty  v, without a change in the length. 

We cons ide r  the motion of such a c r a c k  of length 2x 0 in an infinite e l a s t i c  body which is subjected at 
infini ty to the s t r e s s  ryz=~-:r The only nonzero  d i s p l a c e m e n t -  the d i sp lacement  about the z a x i s -  s a t i s -  
f ies  the equation 

o2w o2w i o2w (1) 

Here c is the veloci ty  of t r a n s v e r s e  waves .  The components of the s t r e s s  t en so r  a re  zero,  except  
r y  z and rxz  which a re  given by the r e l a t ionsh ips  

Ow Ozo (2) T~ = ~ -~ - ,  ~x~ = I~ -~" 

where  p is  the shea r  modulus.  
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Le t  the c r a c k  move  a long  the s t r a i g h t  l ine  y = 0. We 
m a k e  the  fo l lowing  s u b s t i t u t i o n  of v a r i a b l e s :  

X = x - - ~ t ,  Y = ~ y ,  ~ = ( t - v  ~/c~)'/, 

Then  Eqs .  (1) and (2) a s s u m e  the f o r m  

O'-w O~w __ 0 \ 
OX--- ~ -~- ~y~ -- , 

Ow Ow 

I t  can  be shown tha t  the c o m p l e x  s t r e s s  func t ion  

= ~ + ~ ( ~  = ~ ,  ~ = ~ )  

i s  an  a n a l y t i c  func t ion  of the c o m p l e x  v a r i a b l e  [ = X  +iY.  
In v iew of s y m m e t r y  we can  conf ine  o u r s e l v e s  to the  con -  
s i d e r a t i o n  of the  r e g i o n  Re ~ > 0. J u s t  a s  in [7-9] we a s -  

s u m e  tha t  the  p l a s t i c  zones  a r e  i n f i n i t e l y  n a r r o w  and cons t i t u t e  s e g m e n t s  of the X ax i s  so  tha t  X 0 < X < XI, 
Y = 0 .  In add i t i on  to  t h i s ,  we a s s u m e  tha t  at  the  b o u n d a r y  of the p l a s t i c  zones  the  cond i t ion  of M i s e s  

]/~}~ 2 _[_ ~xz~ - -  7" (3) 

is fulfilled. 

Here T is the yield point; consequently, in the entire elastic region the condition 0" 2 +T 2)I/2< T yz  xz 
m u s t  be fu l f i l l ed .  The r e g i o n  of v a r i a t i o n  of % c o r r e s p o n d i n g  to  the r e g i o n  Re ~ > 0, i s  the  i n t e r i o r  of a 
ha l f  e l l i p s e  wi th  the  s e m i a x e s  T and fl~ and a cu t  a long the r e a l  ax i s  f r o m  0 to  7 = ~-~ (Fig .  1). 

The f i r s t  q u a d r a n t  of the  e l l i p s e  Re ~ > 0, Im ~" > 0 c o r r e s p o n d s  to  the r e g i o n  

Re ~ 0 ,  I m ~ 0  

We i n t r o d u c e  a func t ion~ = ~ (~-)into the  a n a l y s i s ;  we have the fo l lowing  b o u n d a r y  va lue  p r o b l e m  fo r  i t :  

[Re~ : 0 ,  0 ~ I m ~ y  

Imp=0 for ~ V " v u ~ + v x ~ / ~  '~- - -T ,  0 ~ a r g ~ / 2  
[ I m ~  = 0 ,  v ~ R e v ~ T  

R e ~ - - - - 0  for I m ~  = 0 ,  0 ~ R e ~  (4) 

The func t ion  

T1 = i n  '~ / "; + ("d. 1 -r ~ - -  v ~. / c2) '; ' t I n  ( 1 § 13 '~'/' 
/ ~ 2 \ ~ - T : - ~ ' )  

r e a l i z e s  a c o n f o r m a l  mapp ing  of the i n t e r i o r  of the  u p p e r  q u a d r a n t  of the  e l l i p s e  onto the  i n t e r i o r  of a r e c -  
t ang l e  with v e r t i c e s  at  the po in t s  ( - b ,  0), (+b, 0), w h e r e  b =  I/2 In [ ( 1 + f l ) / ( 1 - I 3 ) ]  1/2, and the he ight  7r/2 (Fig ,  
2a).  The func t ion  

d~2 
T1 = C V ( I  - ~ )  (t - k~2~) (5) 

g i v e s  a c o n f o r m a l  mapp ing  of the u p p e r  h a l f - p l a n e  I m  T 2 > 0 onto the  i n t e r i o r  of the r e c t a n g l e  in  the r e g i o n  
rl ,  w h e r e  ~-2"-" • 1 i s  t r a n s f o r m e d  into r~ = ~-b, whi le  the po in t s  ~'2 = :~k-1 a r e  t r a n s f o r m e d  r e s p e c t i v e l y  in to  
~1 = •  + i ~ / 2  (Fig .  2b). The funct ion ,  r e c i p r o c a l  to (5) 

~ = sn  (~1C -1,  k) (6) 

g i v e s  a c o n f o r m a l  mapp ing  of the i n t e r i o r  of the r e c t a n g l e  in the  r e g i o n  ~1 onto the  u p p e r  h a l f - p l a n e  of the  
r e g i o n  ~'2. 

The p a r a m e t e r s  C and k in (5) a r e  d e t e r m i n e d  f r o m  the equa t ions  [10] 

1 

' V I b = ~ -  In ~ ----- C V (t - z~ 2) (t - k2~22) 
0 

1 / k  

~--- ---- C I d~ CK (k '~) (7) 
2 V (z~ -- I) (i -- k2~2~) 

1 

From a simultaneous solution of these equations for a given velocity v/c, we find C and k, and with 
this the mapping is completely defined. 
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Fig. 3 

In the case  of the mapping (6) the point v = 0 is t r a n s f o r m e d  into v2 = 
- l / k ,  while v =%0 is t r a n s f o r m e d  into %=a,  which is located in the in terval  
f r o m  - 1 / k  to +1, when Too va r i e s  f r o m  0 to y .  The p rob lem (4) for  the 
function [ = [ff) in the region ~2 is brought  to the mixed boundary value 
p rob l em  of Ke ldysh -Sedov  (Fig. 2b) 

o f - - c o  ~ R e T ~ - - i / k ,  Ira% = 0  
Im~ = 0  i0r l / a ~ R e ~  + c o ~  I m ~  = 0  

Re ~ = 0'=for - - i  / k ~ B e ~  ~ a, Im 1:~ = 0 

The genera l  solution of this p rob lem is  

= d V "~s + a 

The upper  sign is taken in the case  where  - 1 / k < a  < 0, while the lower  
sign is taken where 0 <a < 1. The constant  d is de te rmined  f r o m  the condi- 
tion that ~ =X 0 for  v =ifly (or inthe T~ plane ~2 = 1/k c o r r e s p o n d s  t o i t ) .  Hence 

V i ~ V  "~+i/~ (8) = X0 - - - ~  ~ • 

The quantity Xl, which de te rmines  the posit ion of the end of the p las t ic  zone, is found f r o m  the condi- 
tion ~ =X 1 for  r = y  (or in the T 2 region for  1"2= 1), and finally we can wri te  

xl . ] /  (t + ak) (t + k) (9) 
Xo F 2k (1 ~ a) 

In pa r t i cu la r ,  for  v /c  =%o/T we have X/X0,= (1+k)/24~. 

The avai lable tables  do not allow us to find C and k f r o m  the e •  (7) for  v / c  > 0.6. Fo r  this 
we cons ider  the l imit ing case  v / c  = ~  1. 

Here,  f rom Eqs.  (7), using asymptot ic  r epresen ta t ions  of ell iptic integrals ,  we obtain 

~2 ~ / i  - -  a 2 
k ~ 4 e x p  2~ ' C ~  u 

If at the s ame  t ime v /C < % / y ,  then the point a is located in the in terval  ( , l / k ,  - 1 ) .  F r o m  (5) we 
obtain an express ion  for  de termining a in the f o r m  [11] 

V~ ~ - ~ / ' ~  ~ d~.~ (10) 
2 + amtg = - -C  ~ �9 ~I? - /~  ] / ( ~  - -  t )  (1 - -  k~2  2) 

In the approximat ion  being considered,  this equation is  r ep resen ted  in the f o r m  

arc tg Va2-T~21";~ ~2 [in -~ Archa - - - ~  -t- T a  

(t<a<i/k) (11) 

In Fig. 3 we have rep resen ted  the resu l t s  of the calculat ion according to the e y p r e s s i o n  (9) by dashed 
l ines (curve 3 co r r e sponds  to v / c  = 0.5, while curve 4 co r responds  to v / c  = 0.9). The curve corresponding 
to v / c  =0.1 p rac t i ca l ly  coincides wi th the  stat ic  curve  2 of the invest igat ion [5]. 

Zo T 2 - -  Voo 2 

On this graph curve I depicts the solution [8] obtained with the condition that Ty z is constant  in the 
p las t ic i ty  zone 

Xl [ 
- -  ~--- COS z0 27 ] 

A typical  dis t r ibut ion of T /T  and Vxz/y along the length of the p las t ic  zone, and also the dimension-  yz 
l e s s  d isp lacement  #w/yX 0 along the length of the p las t ic  zone, are  depicted in Fig. 4 for  v / c  =0.5 and v /y  = 
0.8. 

The re la t ionship of the d imens ionless  d isp lacement  p w / y X  0 at the end of the p las t ic i ty  zone, i .e.,  at 
the point ~ =X0, dependent on %o/Y for  v / c = 0 . 0 ,  0.5, 0.9 is depicted in Fig. 5 by curves  1, 2, 3, r e s p e c -  
t ively.  
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F o r  the formula t ion  used in the invest igat ion,  the ene rgy  of the e l a s -  
tic body, when the c r ack  develops,  is t r a n s f o r m e d  into p las t ic  work.  We 
de te rmine  the amount of p las t ic  work pe r  unit length of the c r ack  during 
its motion by the expres s ion  

Xz 

Sg - - -  2 I "%"5 --ZdXOw (12) 
X0 

In the case  of a br i t t le  f r ac tu re ,  G, the intensi ty of l ibera t ion  of 
e las t i c  ene rgy  p e r  unit length, as follows f r o m  [12], equals 

G lim 2__ ~ w ~2~x0 = ~ ~ dx ~_~ c~ ,1 2~ 
0 

for  a c r ack  of length 2X 0 and the s t r e s s  Ty z =T~ at infinity. In the stat ic  case ,  using the solution of [5] and 
the exp re s s ion  (12), we obtain 

2 (T4 -- "c~ 4) ~' V (X 2 -- X02) (Xl ~ -- X~) 
8~ - -  ~ 4~ ~ ., X2 d X  

Xo 

We note that in the case where the length of the plastic zone is small, i.e., when ~ / T  <<1, this ex- 
pression with accuracy up to terms of the order T ~ 2 / T  2 has the form 

8~ : I:r / 2~ 

which coincides with the resu l t s  obtained f r o m  the theory  of b r i t t l e  f r ac tu re .  

F o r v ~ / 7  =0.4, 0.8 in Fig. 6 we have depicted the dependence of eg /G on the value v / c .  The upper  
curve co r r e sponds  to the value 1-~fi/= 0.4. 

The graph just  p resen ted  shows that indeed the amount of ene rgy  expended in p las t ic  work  i nc rea se s  
as the veloci ty  of the c r ack  grows and the s t r e s s  at infinity i n c r e a s e s .  Also the d imension of the p las t ic  
zone according to Fig. 3 and the d i sp lacement  at the c r ack  tip X = X  0 (Fig. 5) vary .  Hence, for  example ,  it 
follows that if in the role of c r i t e r i o n  of f r ac tu re  we take the d isp lacement  at the c r a c k  tip, then the c r i t i ca l  
value of such a d i sp lacement  mus t  depend on the veloci ty  of the c rack  and the loading p a r a m e t e r s .  
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